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Abstract We suggest a nonlinear elastic reduced
Cosserat continuum as a possible model for geo-
medium and geomaterials and also for a soil or
rock with heterogeneities. If a medium has a block
structure, or if it contains heterogeneities that
may have their proper rotational dynamics, the
presence of rotational degrees of freedom may
influence wave propagation and stability of the
medium. In the reduced Cosserat model, transla-
tions and rotations are independent, the medium
resists to the rotation of each “particle” relatively
to the background continuum, but it does not re-
sist to the gradient of rotation. We consider a non-
linear spherical stress state in an isotropic elastic
reduced Cosserat material. We write down small
deviations from this nonlinear equilibrium. They
coincide in form with the equations of the linear
elastic isotropic reduced Cosserat continuum. De-
pending on the level of the stress and on the type
of elastic energy, the equilibrium can be stable
or unstable. In the domain of stability, shear—
rotational wave demonstrates dispersion. There
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is a resonant frequency corresponding to the in-
dependent rotational oscillations. The bulk plane
shear—rotational wave has a forbidden band of fre-
quencies. In this zone, the shear-rotational wave
localises near heterogeneities or external sources.
We show that for a semilinear medium (medium
with large deformations but linear dependence of
stress on the strain tensor), strong compression
leads to the material instability caused by shear
perturbations, and strong tension for some class
of parameters yields in instability caused by rota-
tional perturbations.
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1 Introduction

There are many experimental evidences of the ex-
istence of rotational degrees of freedom in geody-
namics on different scales: vortex structures, rota-
tions of blocks of geomedium (Vikulin et al. 2011).
In the state of predestruction in fault zones and
near them, there exist rotations of rigid domains,
coupled with localised shear bands, and also ro-
tations of grains and aggregates characteristic for
plastic and quasiplastic motion (Goldin 2004). It
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is observed in experiments on rock samples that in
the process of plastic motion, a specific mesostruc-
ture is formed in the material, containing “rolling”
rigid domains and soft bands where the shear is
localised. A similar mesostructure is formed in
seismic focal zones. Such a mesostructure can be
formed due to the heterogeneous elastic proper-
ties of the geomedium, which has high contrasts
in the seismic focal zone (Goldin 2005). In other
words, rigid blocks and softer “bonds” between
them exist when the material still reacts elastically,
and in the process of predestruction, the bonds
start to break.

We suggest a nonlinear elastic reduced
Cosserat continuum as a possible model to de-
scribe the start of material shear-rotational in-
stability phenomena and also consider waves in
the domain of stability near a nonlinear pre-
stressed state. We shall develop the model of this
continuum basing upon fundamental principles
of mechanics and then draw some qualitative
conclusions that will allow to seismologists to
judge if this model is useful for modelling
instabilities and wave motion in the near field and
if it is worth to develop it further.

A medium with a block or granular structure,
in principle, can be also described in the frame
of the classical media, whose particles only have
translational degrees of freedom. However, in this
case, we have to consider a very heterogeneous
elastic structure, and this is a much more complex
problem. If we do not need a detailed consider-
ation of the processes inside hard particles and
softer boundaries, then we can simplify the theory
suggesting an effective medium, where a typical
heterogeneity or block with surrounding medium
would play a role of a point body of the contin-
uous medium, able to move and rotate. Then the
model of the medium becomes more complex, but
the problem to consider is simpler. Also, when
choosing a model for an effective homogeneous
medium, we may neglect in some cases rotational
degrees of freedom. In the domain of stability, for
low frequencies, when the typical wavelength is
much larger than a typical heterogeneity, the het-
erogeneous structure only changes the effective
parameters of the medium. However, we cannot
estimate in advance the wavelength by its fre-
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quency, since the Cosserat-type media are very
dispersive. We shall see that the reduced Cosserat
continuum has very low shear phase and group
velocities near a certain frequency. For high fre-
quencies in the stable equilibrium state, the med-
ium particle has not enough time to perform no-
ticeable rotation relatively to its neighbours, and
the medium also behaves similar to the classical
one, though some anomalies in wave velocities
may be observed. In particular, in the domain
of stability, the shear wave is faster at high fre-
quencies than at low ones and for some media
and stress states even may become faster than the
P-wave. In this work, we shall concentrate our
attention on cases when the internal structure of
the medium does play a significant role, and we
cannot neglect rotational degrees of freedom.
Reduced Cosserat medium is a continuum,
whose particles can perform large rotations and
translations. Rotations are kinematically indepen-
dent on translations. Reduced Cosserat contin-
uum does not react to the gradient of rotation but
resists to the translational strain and to the rota-
tion of each particle relatively to the background
medium. The latter means that if we model a
medium consisting of blocks, each block may ro-
tate relatively to the “net” of centres of mass of
neighbouring blocks. If we model a real material
containing heterogeneities as an effective homo-
geneous medium, each heterogeneity may rotate
relatively to the surrounding medium. However,
we suppose that there is no interaction that de-
creases relative proper rotation of the neighbour-
ing blocks or heterogeneities. Indeed, blocks may
even tend to rotate in the opposite directions due
to contact interaction. In block media, often used
for modelling the geomedium (Vikulin et al. 2011)
in rocks, soils and granular materials, there is no
ordered structure of rotations, which is present in
magnetic materials due to exchange interaction.
Therefore, to model these media, it is better to
exclude couples that resist to the relative rotation
of neighbouring particles. Perhaps, it would be
appropriate to consider some couples that favour
such a relative rotation, but this will mean that the
gradient of rotation can become infinitely large,
and for the time being, there are no continuum
theories that can deal with this. Thus, as a first step
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in the modelling, we limit ourselves to the case
when nothing works on the gradient of the angular
velocity (the medium does not resist to the relative
rotation of its particles).

Such a medium in its linear isotropic elastic var-
iant was suggested first by Schwartz et al. (1984)
to model granular materials. We call it “reduced
Cosserat model”, since it is a particular (degen-
erative) case of the full variant of the Cosserat
model, where the medium resists to the gradi-
ent of rotation. The full Cosserat continuum was
described by the brothers E.&F. Cosserat (1909)
more than a century ago. After that, this theory
was forgotten for 50 years, and then C. Truesdell
called the attention of the scientific society to
this theory. It was further developed in many
works, and the nonlinear case was considered in
Kafadar and Eringen (1971). Many researchers,
for instance, Vardoulakis and Unterreiner (1995)
and Suiker et al. (2001), consider granular-type
media in terms of full Cosserat continua, and
there are various special cases of the full Cosserat
continuum describing electromagnetic media (see
Maugin 1988; Grekova and Zhilin 2001).

We will show that in the reduced Cosserat con-
tinuum, the stress tensor is, generally speaking,
not symmetric, but the couple stress tensor is zero.
We will see that when the rotational dynamic term
is negligible (in statics or quasistatics in the rota-
tional sense) and the external volume couples are
zero, the stress is symmetric, like in the classical
theory. However, it does not mean that we can
neglect the rotational degrees of freedom even
in this situation. We shall consider an isotropic
material in the spherically symmetric stress state,
quasistatically reached from a natural (stress free)
state. When we write down the equations for the
small deviations from the nonlinear equilibrium,
we shall see that sufficiently large pressure or
large tension for some materials can yield in in-
stabilities. Under large compression, the material
fails via shear low-frequency perturbations, and
under large tension, the material may fail under
rotational perturbations of a certain resonant fre-
quency. In the stable domain, the shear-rotational
wave has a strong dispersion near a certain zone of
frequencies, where its propagation is forbidden. In
this zone, shear-rotational waves will be localised

near heterogeneities. We restrict ourselves to the
elastic case without temperature and heat effects.

2 Basic equations of the nonlinear elastic reduced
Cosserat continuum

2.1 Definitions and basic facts

We recall some definitions and facts from the
continuum mechanics. In a nonlinear medium, we
have to distinguish reference configuration (be-
fore deformation) and actual configuration (after
deformation).

The classical elastic medium is a continuum
consisting of point masses. Each point is char-
acterized by the position vector R in the actual
configuration (r in the reference configuration),
and it has mass density p. The elastic _energy

U depends upon the strain VR where V is the
gradient operator in the reference configuration
(Fig. 1). Let V be the gradient operator in the
actual configuration.

In the full Cosserat continuum, each particle of
the medium is an infinitesimal rigid body, called
point body in the terminology by C. Truesdell. It
is characterized by two kinematic tensorial fields:
a position vector (R in the actual configuration, r
in the reference configuration) and a turn-tensor
(or rotation tensor) (P in the actual configuration,
in the reference configuration we consider it to
be equal to the identity tensor E). If we “embed”
into each point body, a rigid triad of vectors dy

U=U(VR)

actual configuration
(after the deformation)

reference configuration
(before the deformation)

Fig. 1 Reference and actual configurations in the classical
medium
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characterizing its orientation, the rotated vector
d; equals Dy, and the turn tensor P is such that
D, = P - d,. In other words, P = D,d*, where d*
is a dual basis (d” - d; = §]"). Here and further,
we omit the sign of the tensor product ® and the
sign of sum in the same sub and superscript (the
Einstein summation rule).

The inertial characteristics of each point body
are the mass density (p in the actual configuration,
po in the reference configuration) and the density
of tensor of inertia, which we consider to be spher-
ical for simplicity (o /E in the actual configuration,
polE in the reference configuration). The strain
energy in the elastic full Cosserat continuum de-

pends on %R, P, and on VP (Fig. 2). If ty) is
a force acting upon an infinitesimal surface with
normal n, there exist a (force) stress tensor t
such that

tm =mn-7, (€]

7 is called the Cauchy stress tensor.

In the classical medium, as well as in the
Cosserat continuum, the strain energy U cannot
depend in an arbitrary way on its arguments. The
constitutive equations have to satisfy the principle
of material objectivity (the rigid motion of a piece
of material must not influence the constitutive
behaviour) formulated by Noll (1958).

In the classical medium, the law of balance
of couples yields T = . In the Cosserat med-
ium, the balance of couples has other terms and
T#T.

U=U(VR,P,VP)
actual configuration

reference
configuration

Fig. 2 Reference and actual configuration in the full
Cosserat medium
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If my, is a couple acting upon an infinitesimal
surface with normal n, there exist a tensor u
such that

My =n- [, (2)

1 is called the couple stress tensor.

The Cauchy stress tensor T works upon Vv
(the gradient of translational velocity in the actual
configuration) and upon @ (angular velocity);
works upon Ve (gradient of angular velocity in
the actual configuration). The balance of energy
in the local form for the Cosserat medium is (see
Kafadar and Eringen 1971)

pU=1" - Vv—1, -0+ - -Vo. 3)

Here v, = t,,1,, X 1,. To obtain this form of the
balance of energy, we must use the laws of balance
of force and torque.

Now let us introduce the reduced Cosserat con-
tinuum as such Cosserat continuum where nothing
works on the gradient of angular velocity. We see
then from Eq. 3 that this yields p = 0. Thus, in the
reduced Cosserat continuum, there are no couple
stresses. However, the Cauchy stress tensor t is
asymmetric, as in the full Cosserat continuum.

2.2 Constitutive equations

We obtain the constitutive equations for the non-
linear elastic reduced Cosserat continuum by a
method suggested by P.A. Zhilin, which can be
found in Grekova and Zhilin (2001). The law of
balance of energy (Eq. 3) in the case of reduced
Cosserat continuum is

pU=1" - Vv—1, 0 4)

and can be rewritten as

pU = (%R:r 7-P)T A, 5)
where
A=VR.P (6)

is the Cosserat deformation tensor (see Grekova
and Zhilin 2001). It is materially objective: Rigid
translations of the material do not change it, and
itis rotated together with the rigid rotations of the
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material. Any medium with the strain energy de-
pending on A satisfies automatically the principle
of material objectivity. Assuming U = U(A), we
obtain from Eq. 5 the constitutive equation

aUu
e

In the reduced Cosserat model, the strain energy

r=pVRT. 2 pT. %)

does not depend on VP (Fig. 3), contrary to the
case of the full Cosserat continuum: Otherwise, in
the law of balance of energy, there would appear
terms, working on Ve. On the level of modelling,
it means that neighbouring point bodies may want
to rotate in various directions and on average
present resistance to the rotation of the point body
under consideration (Fig. 4).

2.3 Dynamic laws

Since p = 0, the dynamic laws (balances of linear
and angular momenta) in the local form are:

V.1 + pK=pv, ®)
7« +pL =plw, 9)

where K, L are external force and torque (couple)
densities. This is a particular case (for zero couple
stress) of the dynamic laws of the full Cosserat
continuum, presented by Kafadar and Eringen
(1971).

In the absence of volumetric torques in (qua-
si)statics, T = 7', as in the classical (non-polar)
elasticity. But even in the case of quasistatic load-
ing, it is important to take into account rotations
for a proper analysis of stability. When arriving to

o u(R), P (R)
infinitesimal 0%

point body

U=U(VR,P)
actual configuration

reference
configuration

Fig. 3 Reference and actual configuration in the reduced
Cosserat continuum

U=U(VR,P)

U=U(VR,P,VP )

Fig. 4 Real material and reduced Cosserat medium: The
neighbourhood of a particle resists to its rotation. There is
no “positive elastic spring” resisting to the relative rotation
of neighbouring particles

the critical point, the material can change rapidly
its structure, for instance, via shear-rotational
motions.

3 Spherically symmetrical stress state
in an isotropic material

3.1 Equations for small deviations

Let us consider an isotropic homogeneous mate-
rial subjected to the spherical deformation from

the natural state (A; = %Rs = AE, P,=E). In
the natural state A = 1, A > 1 corresponds to ten-
sion and A < 1 to compression. Here and further
subindex ; will refer to the value of a magnitude
in this nonlinear state. Due to isotropy, the stress
state is also spherical: 7, = tE.

Assume that U(A) is approximable by Taylor
series up to the second order near this nonlinear
equilibrium. We consider small deviations from
this state: R=R;+u, P=E + 60 x E. Here u is
the translational displacement, and 6 is the vector
of infinitesimal turn. Let us perturb the kinematic
relation (6), constitutive equation (7) and dynamic
laws (9) near the equilibrium and obtain the equa-
tions for deviations in general case.

After derivations (see the “Appendix”), we ob-
tain the first law of dynamics by Euler (balance of
forces):

° 92U ° T

T A%V x 0 = poi (10)
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and the second law of dynamics by Euler (balance
of couples):

— 1, A%V x u+27,A%
92U ° T ..
N
(11)

One may prove, using symmetry considera-
tions, that the tensor of elastic constants in an
isotropic material is equal to

X

32U oo S fsmam\ S
o [m} = AEE + 2 (lmln)s (lmln)
s

+ 20 (i) (157) (12)

where effective elastic constants Ay, us, oy depend
on the prestressed state. Indeed, an isotropic ten-
sor of the fourth rank which does not change un-
der permutation of the first and the second vector
dyads, has this form.

3.2 Analogy with the linear elastic reduced
Cosserat continuum

Define ¢ = A 6. If we take into account Eq. 12,
we see that the equations for perturbations (10)
and (11) appear to be the same as those for the

reduced linear Cosserat medium with zero initial
stress, investigated by Grekova et al. (2009):

(A'+2u/)%%.u—(u’+(x’)%x (%xu)

+20'V x @ = pyii, (13)

Fig. 5 Dispersion curves

for the linear reduced Atu>a
isotropic elastic Cosserat ® Ck
continuum. %,

wy =4’ A%/ (po ),
o = oj/(L+a' /1),

C2, = (' + o)/ po,
E'= 0+ 24)/po

,{/'C k

20V x u—4a'p = (po1/ A2) §. (14)

Here we have introduced effective elastic con-
stants A’ and u/, analogous to the Lamé constants
in the classical linear elastic medium, and effective
constant of rotational resistance o'

, TA g TA
o = as 2 k] M - MS 2 s
N4 21 = Ay + 2us. (15)

Note that these equations coincide in form with
the equations for the linear case. However, these
equations are linearized equations for deviations
near a given nonlinear prestressed state, and all
the effective constants depend on it. Therefore,
even in the domain of stability, the wave prop-
agation is similar, but not identical to the linear
case. If some of the effective elastic constants are
negative, this will lead to instabilities that would
be absent in the linear case.

Let us consider the case Ay +2us > 0, ' > 0,
o’ > 0. Then Eq. 14 describe bulk wave propaga-
tion in the neighbourhood of the nonlinear spher-
ical stress state. It inherits all the properties of
the bulk wave propagation in the linear isotropic
reduced Cosserat continuum that we will cite here
(for the details, see Grekova et al. 2009):

— Depending on the effective constants of the
medium, the shear wave at high frequen-
cies may be faster (if A’ + u’ < «’) or slower
(if '+ @' > &) than the compression wave
(Fig. 5).

— The compression wave is the same as in the
classical medium.

N+u<o’

1 non-propagating
1 rotational
; oscillations

iforbidden zone
:for the S-wave

strong
dispersion

! classical
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— At low and high frequencies, the shear— and at high frequencies
rotational wave is almost non-dispersive; at y
high frequencies, it is faster than at low fre- k ~ @ 1 — @1 e
: Coa w2/
quencies.
— There exists a special resonant frequency. ® ( 1 2A%(a,— A /2)2)
= 1—— - , (20)
Cy w? I +
w0 = Vaa' A2/ (po]) s pol (s 5)
=24 —1A/2) | (nol 16 o 24
= (a5 —TA/2) [ (poD), (16) o~ Cukl1+k , (21)

corresponding to the independent rotational
oscillations of point bodies.

— Shear-rotational wave has two branches. The
lower branch has a horizontal asymptote

T Traw
—TA/2 AJ/2
— ZA aS T / . I'LS + T / . (17)
Ms + s :00]

— Shear-rotational wave does not propagate in
the “forbidden zone” [w; wy).

— The compression plane wave has a transversal
term, and the shear-rotational plane wave has
a longitudinal term.

— Green functions for a harmonical point source
K = Ko, L = Lo/ are strongly frequency-
dependent and if w € (w;; wp), the part of the
wave 1s localised near the source. At w = w;,
if Ly # 0, we have a localised solution; at w =
wy, if Ly # 0, we have a resonant solution and
a localised solution if Ky # 0, Ly = 0.

The dispersion curves for this medium are shown
in Fig. 5 for two cases: A; + 15 > o (on the left)
and A, + us < «g (on the right). The dispersion
relation for the shear-rotational wave is

2 2.2 2
> a)l—a)/a)odﬁfa)

- Cil—ow?/w} N C3

A (w). (18)

Here Cé = po/(us + T A/2). One can show that at
low frequencies

k’vw l+w2 I
"~ Cs ci8A?)’

I

2
1(1+8242)
where C2, = po/(1s + ;). We see that at the limit
of high and low frequencies, a weak dispersion is
present.

If the material is semilinear (physically linear,
geometrically nonlinear), i.e. Ay, i, o do not de-
pend on the stress state, expressions (16) and (17)
give that at high tension, when still ' > 0, w; and
w> come closer and tend to zero. However, this is
not true for a general kind of strain energy.

Localisation at heterogeneities with weak contrasts
in mass and inertia moment densities Let us con-
sider infinitesimal heterogeneities in mass den-
sity and moment of inertia: py = p(o) + €0q1), pol =
Iy, +¢lf;), and let @ be a frequency of the incident
plane wave. Suppose that the heterogeneity is
localised at the origin of the coordinate system:
Py = p18(x), I = 1;5(x). We shall show that a part
of the wave is localised near the heterogeneity if
w € (w1; wy).

We look for the solution of Eq. 14 in the form of
Born series, developing the solution in degrees of
e u=ug +eug) + ..., 9 =9 +epq +... We
shall have in zero approximation a plane wave so-
lution U = U(o)e(iwt+k'r), (p(O) = (I,(O)e(iw[JrkT). The
next approximation gives us

(M +21)VV ugy — (W + ) V x <v x u(1)>
+ 20’V x ] + ,01(,()2U(())€iw18(l') = ,O()ii(l), (22)
20'V x ugyy — 4o @y, + I} @ )€™ 5(x)

= (POI/A2)¢(1)- (23)

The approximation of the first order can be found
via expressions for the Green functions (Grekova
et al. 2009), where pj0?U e, I}0*® e play
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role of external harmonic force and couple, re-
spectively. We will write explicitly this approx-
imation, since there are typographic errors in
Grekova et al. (2009). If w # w1, ® # wy,

I* @ »*\ " E x i
8ma' !

|4 2f@ f (a)) _iefe), p1w>Upe®
Cs 4o (M +2u)

-2
sz C? a)%
—i&r Ot)2
-{—e < <()J+/J —d) (1 - —2> +o/>
@
la)sz+ 1+iwr E — 3rr +e_im,éﬂ,
r Clz G r

Ug) =

@ f(w)
(F% cz)

+ ((A’—i—u’—a’) <1—Z—;>+a’>

1MﬁwM of (@)
(r—cg +(1+ X )

E:33ff)> } o)

2\ —1
i(w#%r) w
—=e 0 1 — —
P &
no*Uy E xt | wf(w)
- : +1 r
8 r2 C,

I{a)2<I>0 1 a)2 !
16ma?u w}
1 w? w? ? 2 (w)
R )\a T
0 sa’ s
1. 0" f*(w) 1
! ’ a0 !
(Wto)+ fi—gm—a'+ 5

(14229 ) 9

N
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where r=r/|r|. We see that in the forbidden
zone for the shear-rotational plane wave (w;; wy),
where f%(w) <0, the part of wave is localised
near the heterogeneity (it decays exponentially).
At w = wy, we have a resonant solution for ¢,
if I1®() # 0; this means that our expansion in
this situation is not valid. If I;® = 0, we have
a localised wave u;) decaying as 1/r3. At o = w,
we have a strongly localised wave if 1] ®, # 0 (for
the expressions of Green functions (see Grekova
et al. 2009).

We see that in the isotropic medium in the
spherical prestressed state, the compression wave
propagates as in the classical medium, but even
weak heterogeneities will “trap” a part of shear—
rotational wave and keep it localised near them.
This could be a theoretical explanation of the phe-
nomenon of localisation of shear—rotational part
of seismic waves, observed near the edge of the
basin (Ghayamghamian and Nouri 2010). In the
classical linear elastic medium, such a localisation
does not exist. The author does not know either
any works on classical isotropic nonlinear homo-
geneous elastic materials that would give a local-
isation of a linearized shear—-rotational wave near
weak heterogeneity in an infinite medium and no
such effect for the P-wave. This is also in agree-
ment with the well-known fact that shear waves
are more sensible to the heterogeneous structure
of the medium. Such a localisation may also lead
to rupture of bonds between particles and for-
mation of a mesostructure characteristic for pre-
destruction state, but to consider this process, we
would have to develop further the model.

4 Instabilities

Perhaps the most interesting feature of the med-
ium under consideration is that for an appar-
ently “nicely looking” strain energy, the spheri-
cally symmetric stress state can be unstable. For
instance, let us consider a strain energy which
is positively defined quadratic form of A. This
means that [aAZ] is constant, oy =« > 0, us; =
w > 0,1 = A, Ay + 2145 > 0. In such a material, we
have from Egs. 7 and 15

A-—1
Az

T=0Br+2u)(A—-1)/A% = (26)
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A-1 3 A-1
'=o— ———0Cr+2p) =a - K——, (27
o =« A GBGrA+2u) =a > A (27)
A-1 3 A-1
‘=g ——OGA42u) =pu+ ~K——, (28
Wo=pt — = Ght2u) = pt+ S K——, (28)
MA2u =r+2u. (29)

Here K = A+ 2u/3 is the bulk modulus. If A <
1 —2u/(BK +2u), we have ' < 0. When 1/ = 0,
7 = —2u. One can easily show that the value u’' =
0 can be reached at small deformations, if K/u is
very large. On the contrary, if K/u is infinitesimal,
the stress state in which ©' =0 corresponds to
infinite deformations and (if u is large) infinite
stresses. When it is reached, this means that the
shear—rotational wave, corresponding to Eq. 14 at
low frequencies, converts to an exponential solu-
tion (its velocity becomes imaginary, see Fig. 5).
There is a local loss of the stability of the ma-
terial in such a stress state. Qualitatively, this
is in agreement with experiments on ordinary
polycrystalline ice and polycrystalline tremolite,
which were performed to explain the mechanisms
of deep earthquakes (see Kirby 1987): “confining
pressure does not suppress the (shear) instabil-
ity and, under some conditions, raising confining
pressure lowers the differential stress at which it
occurs”. However, in the work cited above, the
experiments were performed for non-zero devi-
atoric stress, so they cannot be considered as a
quantitative confirmation of the present theory.

Ifoa <3K/2,wehavea’ <0atA > 1+ a/(BK/
2 — «). This means that rotational-shear perturba-
tions at frequency wp for such a tension will lead
to the instability of the material. When o’ =0,
v =2a. If K/ is large, this state is reached at
small deformations, and if it is infinitesimal, the
required tension is infinitely large.

Note that a classical nonlinear isotropic homo-
geneous elastic material whose strain energy is
a positively defined quadratic form of the strain
tensor cannot lose stability under isotropic tension
or compression. If instead of modelling a granular
or block (i.e. strongly heterogeneous) material by
means of the reduced Cosserat theory we average
elastic properties of a real heterogeneous med-
ium with positive elastic constants, for instance,
by methods similar to used in Bakhvalov and

Panasenko (1989), using a long wave approxima-
tion to obtain an effective classical elastic homo-
geneous material, the effective classical material
will be stable: The loss of the stability happens
at the level of mesostructure, and the long wave
approximation cannot capture it. Next steps in
the method of averaging would give non-classical
(gradient) theory, for instance, Cosserat-type the-
ory.

An earthquake happens due to a local shear
instability of the geomedium. This work shows
that such an instability for a certain class of block
media can appear in a zone of high isotropic
compression (or tension) even if shear stresses
are zero. When it happens, the material does not
support any quasistatic shear perturbation. Let us
see what happens with the “forbidden zone” for
the shear waves when the material reaches an
unstable state under compression.

When the compression is high enough to almost
reach the instability, —1A — 2u;, A > Ag < 1,
where A, is a certain critical value of the defor-
mation. This means that

4As°
0}~ 2 (4 TA/2) = 0, (30)
pol
4As°
a)(z) — < (o5 + ,us) . (31)
pol

This is true for all kinds of “non-exotic” strain
energy, i.e. if A < 1 at compression. Thus, we see
that when the medium reaches instability under
high compression, it becomes in many senses simi-
lar to a liquid: It cannot resist slow shear deforma-
tion, and it “absorbs” shear waves of frequencies
lower than 2 A /(s + 15)/(po D). This is true for a
zone under high isotropic compression approach-
ing the instability. At other compression levels,
the forbidden zone for the shear wave [w;; wp) will
be above zero.

Seismological observations tell us that near
earthquake centres often there are zones absorb-
ing shear waves of a certain band of frequencies
(Kopnichev and Sokolova 2008). They explain it
by the presence of fluid in these zones. On the
other hand, another possible mechanism could be
rotational dynamics of blocks trapping a part of
the shear wave energy.
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A semilinear material has a very specific type
of elastic energy. One can show that instabilities
of the spherically symmetric stress state at high
tension or high compression take place also for a
large class of other materials, but this question is
beyond the scope of this paper.

Can we see these phenomena in experiment?
Indeed, the classical diagram by Roscoe, used to
describe the behaviour of granular materials (see
Schwedes 1975) and unconsolidated geomaterials
(see Jones and Addis 1986), predicts yield at a cer-
tain level of hydrostatic compression, as well as at
a certain spherically symmetric tension. Note that
this yield is a material failure via shear motions.

In experiments by Bridgman on materials un-
der hydrostatic pressure (see Bell 1984), there
was observed that material changes its structure
if the pressure is sufficiently high. Sometimes the
volume changes instantly when the pressure is
constant, but often the volume of the material
does not suffer any jump; however, the resistance
of the material to the load changes. The last case
obviously corresponds to the structural changes
in the material via shear deformations (since the
volume is constant). It may be caused by the fact
that at these levels, the grain structure of a solid
starts to play an important role. The model for
the start of the geomedium breaking or start of a
quasiplastic motion in seismic focal zones has to
take into account many other factors, for instance,
the presence of fluid, but the model discussed in
this work could be considered as a first step.

5 Qualitative comparison with experimental
observations

The nonlinear elastic reduced Cosserat contin-
uum suggested here as a possible model for the
geomedium can be considered as an effective
medium for a heterogeneous material with high
contrasts in elastic and inertial properties, con-
sisting of blocks and softer bonds between them.
Wave propagation in the reduced Cosserat med-
ium would roughly take into account (in the
effective way) scattering in the block medium with
high contrasts for wavelengths of order of a typical
block or larger ones, which is difficult to model
theoretically on the microstructural level consid-
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ering a classical heterogeneous medium. We see
that shear waves in the model of the reduced
Cosserat medium are dispersive. In a certain do-
main of frequencies, they have a slower group
velocity than low-frequency and high-frequency
shear waves (though the latter ones may be at-
tenuated in real experiments due to viscosity, or
perhaps just not measured). This may correspond
to the formation of coda waves near the centre of
the earthquake, where the contribution of shear
waves is more important than one of the compres-
sion waves.

We are still far from the quantitative compari-
son of the theoretical results presented in this arti-
cle with experimental seismological observations.
To make this comparison, we have to consider at
least non-isotropic prestressed state (for instance,
combination of compressive and shear stresses
corresponding to a symmetric stress tensor), het-
erogeneous in space (with maximal stresses near
the centre of the earthquake). We foresee that
the presence of shear stresses in the nonlinear
equilibrium will couple compression and shear
waves and the wave number for both of them
will have real and imaginary part. The latter one
(apparent attenuation) will be significant in a cer-
tain domain of frequencies. The shear wave will
be more influenced by the presence of rotations
than the compression wave. Probably the zone
approaching to the state of instability will not let
pass shear waves in a wide band of frequencies,
especially at low frequencies, and when moving
away from the zone of maximal stress, more shear
waves of low frequencies will pass through the
medium.

The results presented in this paper are particu-
lar, since the compression or tension is isotropic.
This leads to the fact that the P-wave has no dis-
persion, and shear wave is frequency dependent
(with characteristic frequencies depending on the
stress state), but its wave number either is real, or
only has an imaginary part (in the zone [w1; wp)).
In this zone, the amplitude of the standing wave
decreases with the distance from the source. Its
apparent attenuation is frequency dependent, de-
termined by | f(w)|, which tends to infinity at w,
and decreases to zero at wy, so higher-frequency
shear perturbations in this frequency zone de-
crease more slowly in space than lower-frequency
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perturbations. This is in a qualitative agreement
with experimental observations (Sato et al. 2002;
Tsujiura 1978) that tell us that in spite of viscous
effects, attenuation of coda waves decreases when
the frequency increases (in the zone up to 30 Hz)
and that this effect is more pronounced for het-
erogeneous media with high contrasts. The fact
that in the reduced Cosserat material with a strain
energy which satisfies the requirement of strong
ellipticity (e.g. positively defined strain energy) we
have instabilities at high hydrostatic compression
or high isotropic tension is also in agreement with
the idea that a possible mechanism of an earth-
quake is a local shear instability of the medium
reached under very high compression and with the
Roscoe diagram applicable for the description of
geomaterials’ behaviour.

6 Conclusions

We present here the basic equations of the re-
duced elastic nonlinear Cosserat continuum. We
have considered a nonlinear spherically symmet-
ric stress state for an isotropic material with a
strain energy, approximable by Taylor series up to
the second order with respect to Cosserat defor-
mation tensor, and have written the equations for
small deviations near this equilibrium. We have
shown that the equations for small deviations in
this case are similar to the equations for the lin-
ear reduced Cosserat continuum with initial zero
stress. We have shown that in the domain of sta-
bility, we observe dispersion, polarization, local-
isation phenomena for shear-rotational waves at
heterogeneities, and sources in the forbidden zone
of frequencies, where this wave does not prop-
agate in the homogeneous medium. The latter
phenomena are reported in experimental works
on seismic wave localisation.

The effective elastic constants may be nega-
tive at high tension or high compression in some
materials. We considered in details the case of
the semilinear material and have shown that un-
der sufficiently large hydrostatic compression, it
becomes unstable with respect to low-frequency
shear perturbations. Many materials, in particu-
lar, soils, present this behaviour in experiments.
If an additional condition for elastic constants is

satisfied, at large tension the semilinear material
fails via shear-rotational perturbations at a certain
frequency.
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Appendix: Derivation of the equations for small
deviations near a nonlinear spherical
prestressed state in an isotropic
homogeneous elastic reduced
Cosserat medium

Let us introduce first Piola-Kirchhoff stress
tensor:

TEVR T . 7 det VR (32)

and write down the equations of balance of force
and torque (Eq. 9) in its terms:

VT + poK = pgv,

o (33)
[VRT : T} + poL = pole.
Constitutive Eq. 7 looks as
oUu
T=po— -P". 4
Po A (34)

We consider a nonlinear spherical prestressed
state denoted by subindex : 7, = tE (then T, =
TE, T = t A2), VR, = AE, P, — E and small de-
viations from this state (subindex 1 will refer to
the term of the first order): R=R;+u, P~ E +
O xE, T~T,+[T];, u=o0(),0 =0(1),[T]; =
o(1).Note that [P]] = (@ xE)" = —0 x E, [0], =
6 and T, = pg[%]s. We shall derive first-order
approximations for the strain and stress tensors.

[A]lz[%R-P} =[%R] -PS+[%R} [P,
1 1

N

—Vu+ AE- (0 xE) = Vu+ A8 x E. (35)
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Let us calculate [T]; using Eq. 34:

[oU T U .
[T]y = po _ﬁ:|1 P+ po |:3_Aj|s -[P],

[oU U
] -n[24] -0xe
1 s

[ 9A 0A
'32U}
= 0o Al =T, x 0
_aAz N ! S
_82U o T
o _ml..<Vu+onE> _T6 xE.

(36)

The first-order approximation for Eq. 33 will
look as

V[Tl = poi,
o . (37)
[[VRT~T:| ] = pol0.
xd1

Let us proceed with the last equation, keeping in
mind that [# x E]x = —26 and expression (36).

o] ]
[[%R]IT T}] + [%RST : [T]IL

-7 %“T} +[A[T] ]y
= —T% X u
[ 92U o T
+ | poA [ml..(vwfw x E) ]
—[TA6 x E],

— TV xu+2T A8

92U o !
+ |:,00A [ml .. <Vu+ Al x E) ]

X

(38)
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Taking into account the last equation and Eq. 36,
we can rewrite Eq. 37 as

o 82U o T o
V. (po[m} ~~<Vu—I—A0 xE) )—VX(TO)

N

= pol,

— TV xu+2T A8

3*U o T ;
+ | poA [m]s . (Vu+ A0 x E) = pol0.
(39)

These are equations of the first order for the de-
viations from the nonlinear spherical prestressed
state. They are valid also for a heterogeneous
material. If the material is homogeneous, using
the fact T = t A%, we obtain from them Egs. 10
and 11.
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